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ABSTRACT. The LIBOR market (LM) model (Brace et al. [8], Miltersen et
al. [27], and Jamshidian [16]) is an interest rate version of the Black-Scholes
model of stock price. However, a statistical test (Kusuda [22]) rejected the
LM model and suggested that a jump process should be introduced into the
LM model. This paper presents a jump-diffusion LM model using a general
equilibrium security market model (Kusuda [21] [23] [24]) with jump-diffusion
information. Approximate general equilibrium pricing formulas for caplet and
swaption are derived. Also, a method of specification and estimation of the
jump-diffusion LM model is presented.
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1. INTRODUCTION

In international financial markets, most interest rate related contracts refer to
LIBOR (London InterBank Offered Rate') rates, forward LIBOR rates, swap rates
(a long term version of LIBOR rates), and forward swap rates. The two most fre-
quently traded interest rate derivatives, i.e. a caplet and a swaption, are a European
option on a forward LIBOR rate and on a forward swap rate, respectively. It seems
reasonable to suppose that an ideal interest rate derivative pricing model should
have the following two properties: (1) Arbitrage-free pricing formulas for caplet
and swaption are derived in the model. (2) The model is statistically acceptable,
i.e. the model can capture the dynamics of interest rates in the real markets. (3)
The model has a sound theoretical background. The properties (1) and (2) are nec-
essary to price interest rate derivatives speedily and accurately, respectively. The
LIBOR market model, developed by Brace, Gatarek, and Musiela [8], Miltersen,
Sandmann, Sondermann [27], and Jamshidian [16], can be interpreted as an inter-
est rate version of the celebrated Black-Scholes model (Black and Scholes [7]) of
stock price. In the Black-Scholes model, the change in stock price is subject to a
lognormal distribution under the risk-neutral measure. In the LIBOR market (LM)
model, the change in each forward LIBOR rate (resp. forward swap rate) is subject
to a lognormal distribution (resp. an approximate lognormal distribution) under
the associated equivalent martingale measure. Thus a Black-Scholes-like pricing
formula (resp. approximate pricing formula) for each caplet (resp. swaption) is de-
rived. The LM model therefore can be calibrated using the formulas, and other
interest rate derivatives can be speedily priced employing the calibrated model.
Also, the bond markets are arbitrage-free in the LM model unlike in the Black
model® (Black [6]). It can be safely stated that the LM model has the property (1)
and (3), and this has made the LM model currently the most popular interest rate
derivative pricing models among both practitioners and researchers. Extended LM
models including the constant elasticity of volatility (CEV) model (Andersen and
Andreasen [2]) and the affine volatility (AV) model (Zithlsdorff [32]) have been pro-
posed in order to account for the observation that the implied volatilities of forward
LIBOR rates, which are derived by substituting the market quoted prices of caps
into the pricing formula, depend on the strike rates. In both CEV and AV models,
an arbitrage-free pricing formula (approximate arbitrage-free pricing formula) for
each caplet (resp. swaption) is derived.

Now an interesting question is whether the extended LM models have the prop-
erty (2) or not, i.e. the extended LM models are statistically acceptable or not.
Unfortunately, a statistical test conducted in Kusuda [25] rejected the extended
LM models and showed that the distribution of the estimated discretized Wiener
process, which is supposed to be a normal distribution, has much fatter tail than

!The LIBOR rate is the interest rate offered by banks on deposits from other banks in Eu-
rocurrency markets and is frequently a reference rate of interest for loans in international financial
markets. In the LIBOR market model, the dynamics of forward LIBOR rates are modeled. A rep-
resentative real example of forward LIBOR rate is a Eurodollar future rate traded on the Chicago
Mercantile Exchange. In the case of Eurodollar futures, the underlying instrument of Eurodollar
future contracts is the 90-day LIBOR and future rates with 48 different times to maturity, i.e.,
one month, two month,- - -, one year, one year and three month, one year and six month, - - -, ten
years, are traded.

2Practitioners had used the Black model in which the change in each forward LIBOR rate and
forward swap rate is subject to a lognormal distribution under the associated equivalent martingale
measure. However, if the change in a forward LIBOR rate is subject to a log-normal distribution
under the associated equivalent martingale measure, then a forward swap rate is not subject
to a lognormal distribution under the associated equivalent martingale measure in arbitrage-free
markets. Thus, there exists an arbitrage opportunity in the bond markets assumed in the Black
model.



the normal distribution. This result suggests that the deterministic volatility in
extended LM models with a stochastic one and/or that a jump process should
be introduced into the extended LM models. There is a considerable evidence
that the dynamics of interest rate processes are better described by pure diffusion
processes than jump-diffusion processes (Balduzzi, Elton, and Green [3], Das [10],
Johannes [17] ete.). The main purpose of this paper is to present a jump-diffusion
LM model which is an extension of the LM model and satisfies the properties (1),
(2), and (3).

In the jump-diffusion LM model, it is assumed like in most jump-diffusion op-
tion pricing models that the jump magnitude of forward LIBOR rate is a contin-
uously distributed random variable at each jump time. Under this assumption,
the markets have uncountably infinite number of information sources, and no finite
number of securities complete the markets.®> In incomplete markets, the standard
arbitrage-free pricing method cannot be applied. Glasserman and Kou [12] have
proposed another jump-diffusion LM model assuming approzimately complete mar-
kets (Bjork, Kabanov, and Runggaldier [4]) in which a continuum of bonds are
traded in markets, and any contingent claim can be approximately replicated with
an arbitrary precision by an admissible portfolio of the bonds. In their model, the
market price of risk is rather arbitrarily specified such that arbitrage-free pricing
formulas for caplet and swaption can be derived. Here it must be noted that in
general equilibrium (GE, hereafter) model, there is a functional relation among the
market price of risk and the dynamics of aggregate consumption and commodity
price in equilibrium. It is desired to verify that the option pricing model can be
embedded in some convincing GE model, or to put it more precisely that the spec-
ification of market price of risk can be consistent to the GE functional relation
among the market price of risk and the dynamics of aggregate consumption and
commodity price in some convincing GE model. In particular, in the case when
option prices depend on the market price of risk, it should be verified.

Recently, the author (Kusuda [20]) introduced the notion of approzimate security
market equilibrium in which each agent is allowed to choose a consumption plan that
is approximately financed with any prescribed precision by an budgetary admissi-
ble portfolio, and presented the existence and uniqueness of approximate security
market equilibria in approximately complete markets. This paper presents a jump-
diffusion LM model assuming the GE approximately complete market model. Since
the nominal bond price processes can be exogenously given in the GE model, they
are specified such that the model is an extension of the LM model and that the
common jump magnitude of every forward LIBOR rate is analytically tractable.
Then the GE dynamics of forward LIBOR rate is derived under the associated
equivalent martingale measure called forward martingale measure introduced by
Jamshidian [15]. The pricing problem of a caplet (resp. swaption) is reduced to
the calculation of conditional expectation of the caplet’s (resp. swaption’s) payoff
under the associated forward martingale measure. It is shown that the change in
each forward LIBOR rate (resp. forward swap rate) is subject to an approximate
Poisson-lognormal distribution under the associated forward martingale measure,
and therefore approximate GE pricing formulas for caplet and swaption are derived.
The pricing formulas show that the GE prices of caplet and swaption depend on the
market price of jump risk while they do not depend on the market price of diffusive
risk. Finally, a method of specification and estimation of the jump-diffusion LM

3Merton [26] assumed that the market price of risk is zero in order to make the number of
sources of the market information finite, and to complete the markets. However, an empirical
analysis in Pan [29] showed that the market price of risk cannot be regarded as zero.



model is presented. The method is an extension of the method for the extended
LM models, which were proposed by the author (Kusuda [25]).

Other jump-diffusion interest rate models (Ahn and Thompson [1], Das and
Foresi [11], Heston [13], Naik and Lee [28] efc.) have been presented assuming GE
incomplete market models. In each of these models, it is assumed that there are
homogeneous agents with a common CRRA utility or that there is a representative
agent with a CRRA utility. It is needless to say that the assumption of homogeneous
agents is restrictive. In order to justify the assumption on the representative agent,
it is required to present the existence of security market equilibria and the CRRA
utility of the representative agent in some security market equilibrium. However,
it is very difficult to do so in incomplete markets.

The remainder of this paper is organized as follows. Section 2 reviews the GE
model. Section 3 provides the specification of jump-diffusion LIBOR market model
and derives the GE dynamics of forward LIBOR rate. Section 4 and 5 derive
approximate GE pricing formulas for caplet and swaption. Section 6 presents the
method of specification and estimation.

2. THE GENERAL EQUILIBRIUM MODEL OF SECURITY MARKETS
WITH JUMP-DIFFUSION INFORMATION

In this section, the GE model of security markets with jump-diffusion information
is reviewed following Kusuda [21] [23] [24].

2.1. Security Market Economy with Jump-Diffusion Information. A con-
tinuous-time frictionless security market economy with time span [0, 7] (abbrevi-
ated by T, hereafter) for a fixed horizon time T > 0 is considered. The agents’ com-
mon subjective probability and information structure is modeled by a complete fil-
tered probability space (2, F,F, P) where F = (F;)¢cT is the natural filtration gen-
erated by a d-dimensional Wiener process W and a marked point process v(dt X dz)
(see Appendix A.1) on a Lusin space (Z,Z) (Z = R"™ in the jump-diffusion LM
model) with the P-intensity kernel A;(dz). There is a single perishable consump-
tion commodity. The commodity space is a Banach space L™ = L>*(Q x T, P, u)
where P is the predictable o-algebra on 2 x T, and pu is the product measure of
the probability measure P and the Lebesgue measure on T. There are I agents.
Each agent i € {1,2,---, I} (abbreviated by I, hereafter) is represented by (U?, "),
where U? is a strictly increasing and continuous utility on the positive cone L
of the consumption process and ¢ € L% is an endowment process, which is as-
sumed to be nonzero. The economy mentioned above is described by a collection:
E = ((Q, F,F, P),(U",&);c1). There are markets for the consumption commodity
and securities at every date ¢ € T. The traded securities are nominal-risk-free
security (NOT the risk-free security) called the money market account and a con-
tinuum of zero-coupon bonds whose maturity times are (0, 7], each of which pays
one unit of cash (NOT one unit of the commodity) at its maturity time. Let p, B,
and (BT)TG(O,T’F] denote the processes of consumption commodity price, nominal
money market account price, and nominal bond price, respectively. The collection
(B, (BT)TE(()’TT]) of security prices is abbreviated by B, and called the family of
bond prices. Each agent is allowed to hold a portfolio consisting of the money
market account and all bonds at one time.

Definition 1. A portfolio is a stochastic process ¥ = (9°,91(-)) that satisfies:
(1) The component ¥° is a real-valued P-measurable process.
(2) The component ¥ is such that:
(a) For every (w,t) € Q x T, the set function 9} (w, -) is a signed finite
Borel measure on [t, 7).



(b) For every Borel set A, the process 91 (A) is P-measurable.
Then the value process Vi (V%) of a portfolio 9%, is given by

Tt
Vi(9%) = BS, + / BIi (dT) vt € T.
t

2.2. Arbitrage-Free Approximately Complete Markets. Let n € N. Let £™

denote the set of real-valued P-measurable process X satisfying the integrability
t

condition fOT | Xs|™ds < oo P-a.s. Also let £L™(\;(dz) x dt) denote the set of real-

valued P ® B(R)-measurable process H satisfying the integrability

conditionfOTlffooo |H,(2)|™ M\s(dz) ds < oo P-a.s. The notion of implementable family

of bond prices is introduced.

Definition 2. A bond price family B is implementable if and only if the following
conditions hold:

(1) (a) For every T € (0,77], the dynamics of nominal bond price process
BT satisfies the following stochastic differential-difference equation
(SDDE)

T

B
‘thTt :r,?dtﬂf-th+/thT(z){y(dtxdz)—At(dz) dt}y  vte[o,7T)

with BY = 1 and B} = 0 for every t € (T,T"] for some rT € L,
vT € [1§_; £2, and m” € L(\(dz) x dt). Moreover, it follows that:

(i) For every (w,t) € Q x T, r;(w),v,(w) € CHT), and for every
(w,t,2) € A x T x Z, m;(w, 2) € CHT).

(ii) For every T € (0,77], BT is regular enough to allow for the
differentiation under the integral sign and the interchange of
integration order.

(iii) For every t € T, bond price curves B, are bounded P-a.e.

(iv) The family of jump magnitude functions m;(-) is uniformly
bounded p-a.e.

(b) The dynamics of nominal money market account price process B sat-

isfies B
— =yBat vt e [0,T)
B,
dln BT
with By = 1 where 77 is given by r? = — — , and 78 >0
OV
p-a.e.
(2) (a) There exists a unique real-valued P-martingale AB such that
dAB
A?i = P AW, — /Zm?(z){u(dt x dz) — M(dz)dt}  Vte[0,TT) (2.1)

with AB = 1 for some vB € H?lzl £? and m® € L1 (\i(dz) x dt).
(b) For every T € (0, T"], the following holds:

rl =B 40P ol + / mPB(2)HI (2) M\ (dz) vt € [0,TT). (2.2)
z

(c) The process % is bounded above and bounded away from zero p-a.e.

The processes v and mE(z)\;(dz) are called market price of (nominal) diffusive
risk and market price of (nominal) jump risk, respectively. It has been shown by
Bjork, Di Masi, Kabanov, and Runggaldier [5] that risk-neutral measures are unique
under the condition 1 in Definition 2 if and only if markets are approzimately
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complete in the sense that for every contingent claim there exists a sequence of
admissible self-financing portfolios converging to the claim (for these definitions, see
Appendices C.1, C.2, and C.3). Let B and ©(B) denote the set of all implementable
bond price families and the space of admissible portfolios, respectively.

2.3. Approximate Security Market Equilibrium. The notion of approzimate
security market equilibrium is introduced in which each agent is allowed to choose
any consumption plan that is approximately financed with an arbitrary precision
by a budgetary admissible portfolio.

Definition 3. A collection ((¢")ie1,p,B) € [[;c LY x L x B constitutes an
approzimate security market equilibrium for E if and only if it follows that:

(1) For every i € I, ¢ solves the problem

max U'(c")
¢i€Ci(p,B)

where
C'(p,B) ={c' €LY [I(W)nev € [[ OB) st. ¥y=0 VneN

nGN
. t . t . .
V,(07) = / 91 4B, +/ / 1921 (dT)dBT + / ps(@ —ci)ds  V(n,t) e NxT,
0 0
lim Vp+(95) = 0}
(2) The commodity market is cleared as Y, ;¢ = >, ;.

Hereafter, approximate security market equilibrium is abbreviated by ASM equi-
librium. The following assumption is a sufficient condition for the existence of ASM
equilibria.

Assumption 1. (1) Every agent has a common CRRA utility U of the form

/OTT u(t, cr) dt]

where the von Neumann-Morgenstern utility function u is given by

e ()

for some p >0 and 5 > 0.
(2) The aggregate endowment is bounded away from zero u-a.e.

U(e)=FE

3. THE JumMP-DIrrusioN LIBOR MARKET MODEL

In this section, a specification of jump-diffusion LM model is provided, and the
GE dynamics of a forward LIBOR rate under the associated forward martingale
measure is presented. Here the forward martingale measure is defined in the fol-
lowing.

Definition 4. Let B € B. For every T € (0,T7], a probability measure denoted by
PT on (Q, F) is a T-forward martingale measure at B if and only if PT is equivalent
to P, and for every T" € (0, T1], %—TT is a local PT-martingale.

Let the common tenor of forward LIBOR rates be denoted by § € (0,1]. For
every T € (0,TT — 6], the T-forward LIBOR rate process LT is defined by

1/ BF
T t
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3.1. The Jump-Diffusion LIBOR Market Model. The integer f%} —1is
denoted by K, hereafter. The jump-diffusion LM model is specified by the set of
Assumption 1 and the following two assumptions.

Assumption 2. (1) The Lusin space (Z, Z) is d’'-dimensional Euclidean space
where d' € N, i.e. (Z,2) = (RY, B(RY)).
(2) The P-intensity kernel \i(dz) is given by
Ae(dz) = M f(2)dz (3.1)
where Ay is a P-measurable process and f is given by

d

i 1 1 Zi — Mg 2
i=1 v ¢

=1

(3) The dynamics of the aggregate endowment process follows the SDDE

de _ =ridt +vf - dW; + /(em” — 1) {wv(dt x dz) — \(dz) dt } vt € [0,7TT)
R

Ct—
for some r° € L', v® € Hjlzl £2, and ms; € RY .

Assumption 3. The family B of nominal bond price processes satisfies the follow-
ing conditions:

(1) B € B, and the jump magnitude of the process AB satisfies
mP(z) =1—eme? V(t,z) € T x RY

for some constant vector mp € R
(2) There exists a function v on T? such that for every T € (0,Tt — 6] and

tel0,T),
KT 6LT kS
’U’tT = Zk 1 1+5LT ko ’Y(t? T - k‘ld) Vt € [07 T - 6) (33)
~ 0 Vt e [T —6,T).
(3) There exists a constant vector n € RY such that ||n| = 1, and for every
Te(0,TT -] and t €[0,T),
mT-KEs(, ,
=— 1+6LT *(z) —1 VY(t,2) € [0,T —§) x R
ml (2) [Tty (1 W (en= 1)) (3.4)
~0 Y(t,z) € [T —6,T) x RY.

Remark 1. Asshown later, the GE dynamics of LIBOR rates includes information of
the dynamics of the aggregate consumption and the commodity price, and therefore
the jump-diffusion LM model can be efficiently and accurately estimated using the
data of the aggregate consumption and the commodity price as well as the data of
future LIBOR rates. This is a main reason why the Lusin space is assumed to be
d’-dimensional Euclidean space. When the jump-diffusion LM model is estimated
using only the data of future LIBOR rates, d’ should be set one.

Remark 2. Let the function (¢, T) be denoted by 77, hereafter. Assumption 3.2
is the same as in the LM model, and ~/ is the volatility of LT. Also, it is shown
in Proposition 1 that (e”* — 1) in (3.4) is the common jump magnitude of every
forward LIBOR rate.



3.2. The GE Dynamics of Forward LIBOR Rates. As shown in Section 4,
the pricing problem of a caplet on LT is reduced to the calculation of expectation
of the caplet’s payoff under the (T + §)-forward martingale measure. Let T° =
T + 6, hereafter. The following proposition presents that the bond price family B
is supported as an ASM equilibrium, and the GE dynamics of T-forward LIBOR

5
rate process under PT" as well as under P.

Proposition 1. Under Assumptions 1-3, the following holds:
(1) The collection ((¢")ie1,p,B) is an ASM equilibrium for E where p; =
B

%uc(tjt) In addition, if B <1, then the ASM equilibrium is unique.

(2) The market prices of nominal diffusive risk and nominal jump risk satisfy
for every t € [0,TT),

vP = Bof +17, mP (2) M(dz) = N1 — e~ Bmetme)=) gz (3.5)

in the equilibrium where vP and (e™»* — 1) are the volatility and the jump
magnitude of commodity price process, respectively.

(3) LetT € (0,Tt—06]. The dynamics of T-forward LIBOR rate process satisfies
for every t € [0,T),

dLT - 5 .
R LRCE RN R S P ICAEY
t— R4’

x (1+mlI” (z))e=Bmetma)=z g () dz} dt +~7 - dWy + /R (e"* — 1) v(dt x dz),
(3.6)

or equivalently

dLi T T° 0z T° ¢T°
T = awy + (" = 1) {wv(dt xdz) — A\, f; (2)dzdt}, (3.7)
t— R’

in the equilibrium where

t
VVtT(S = WtT + / (B vf + P — vzs) ds,
0 (3.8)
5 1) 1) 5
A =i T (2) = (L mE () Pmetmor= (),

where
S5 1) dmy)z
o= / S m (@))em Ot £(2) dz,
R,

and WtT(S and )\f5 fth (2)dz are a PT’ Wiener process and the pr’ -intensity
kernel of v(dt x dz), respectively.

Remark 3. As shown in (3.5), in equilibrium, the market price of diffusive risk
is a function of the volatilities of the aggregate consumption and the commodity
price, and the market price of jump risk is a function of the jump magnitudes of
the aggregate consumption and the commodity price. In most conventional option
pricing models, the market price of risk is rather arbitrarily specified. It is desired
to verify that the option pricing model can be embedded in some convincing GE
model, or to put it more precisely that the specification of market price of risk
can be consistent to the GE functional relation among the market price of risk
and the dynamics of the aggregate consumption and the commodity price in some
convincing GE model. In particular, in the case when option prices depend on
the market price of risk, it should be verified. As shown in Section 4 and 5, the
GE prices of caplet and swaption depend on the market price of jump risk in the
jump-diffusion LM model.
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Remark 4. As shown in (3.6), the GE dynamics of LIBOR rates includes informa-
tion of the dynamics of the aggregate consumption and the commodity price. Thus
the jump-diffusion LM model can be efficiently and accurately estimated using the

data of the aggregate consumption and the commodity price as well as the data of
future LIBOR rates.

Proof. For proofs of 1 and 2, see Kusuda [23] [24] and Kusuda [21], respectively.
Let T € (0,7 — 4]. Tt follows from (3.3) and (3.4) in Assumption 3 that

1+6LT 5 1+ 6L ([ 1+ml(2)
A Sy E L ¢ —1). (3.9
n SLT v =) ‘ oL{ (1 +m{’(2) > 39
Applying Ito’s formula to the definition of LT yields for every t € [0,T),
1+ 6LE
1)

dLT =
R

{7«? —r =l 0l =) =X [ ] (2) = m] (2))f(2) dz } dt

S5
mi (2) —myi

ga' 1 +mI’(2)

+(vf — U;ﬁ) AWy + (2) v(dt x dz)]

_ﬂ UB—UTé . ’UT—UTS — —mBz mTz —mTEZ z)az
— H( SECETRERY IEONTHE t<>>f<>d}dt

)
mf (z) —mf
g 1+ml’(2)

+(v?—v;‘r5)-th—|— (2) I/(dtxdz)].

(3.10)

Substituting (3.5) and (3.9) into (3.10) yields (3.6). Next, it follows from Ito’s
formula and Girsanov’s Theorem that W/ and A° fI°(z)dz are a PT’-Wiener
process and the PTé—intensity kernel of the marked point process v(dt x dz), re-
spectively. Finally, (3.7) is obtained substituting (3.8) into (3.6).

U

4. APPROXIMATE GE PRICING FORMULA FOR CAPLET

In this section, an approximate GE pricing formula for a caplet in the jump-
diffusion LM model is derived exploiting the forward martingale measure approach
developed by Jamshidian [15]. Here a caplet is a European call option on a forward
LIBOR rate, and is defined in the following.

Let T € (0,T" — 6] and K > 0. A caplet on T-forward LIBOR rate LT with
strike rate K is a contingent claim with payoff § |[LL — K| at time T°.

Let Cpl, (LT, K) denote the GE price of the caplet on T-forward LIBOR rate
LT with strike rate K at time ¢ in an ASM equilibrium ((¢*);c1,p, B) for E in the
jump-diffusion LM model. Since the security markets are approximately complete
in the jump-diffusion LM model, there may not exist a replicable claim for the
T°-contingent claim § |LL — K|, but there exists a sequence of replicable claims
converging to the T?%-contingent claim. Let (9,,)nen denote the corresponding se-
quence of replicating portfolios. Since the value process of every replicating portfolio
discounted by BT isa PTJ—martingale, the following holds:

Vt (?9“) 79 VTJ (19”) T8
e = || < B ) (a1
where EI’[-] = ET°[-| 7] and ET’[-] is the expectation operator under P’

Taking the limit of the both sides of (4.1) yields
CpL (LT K) = 687" EF'[|LT - K], (4.2)
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4.1. Approximation of Conditional Distribution of Forward LIBOR Rate.
In order too calculate E ’ [|LE — K], it is desired that the conditional distribution
of LT, given F;, under PT° is derived in analytic form. It follows from (3.7) that
LT|F; is solved in the form

T
1
Lt = L? expl—/ {2||73T||2 + /\Zé /Rd/ (e"* —1) sT‘s(z) dz} ds
t

T T
‘|'/ ’Y;‘F-dWST&—F/ / n-zy(dsxdz)]. (4.3)
t t R4

As shown in (4.3), the conditional distribution of LL|F, under PT’ cannot be
derived in analytic form. Hence, the conditional distribution is approximated in
order that the approximate conditional distribution is derived in analytic form. Let

oT _ KL : T () - :
Ki =[=-]andt < s <T. First, m; (z) is approximated as follows:

T9_KT’s

T8 1+m (2)
mg (Z) = T 5SLT571@5 -1
szsl <1 -+ H({m (en~z — 1))

(5ij ko o _52 LT‘S—kénlz
A exp Zln 1+1—|—6LT5 kd( -1) —l=~e k=1 Le —1.

kS,

Let m?” (z) = e -, — 1. Then AT° and f7°(z) are approximated to

S

-9 il ~ 79 —(Bme+myp)-z
M= G = (L mf (2))e Pmetme) 2 f(z), (44)
respectively, where
i = / (L4 (2))e=Ometma) = f(2) de
R4’

LT —ké

&7
Substituting mtTé (2) = e O Xkt

d d s\ 2
79 1 Zd/_ ’ﬁzT,-é (2;4~+77zT-6 0,2) T 1 1 ,U,,{
)\T — 2 &i=1""j J ti Y3 )\ z2) = ex — L
: - o=l e ’
i=1

— 1 into (4.4) yields

where
e
N _ el _mé
iy =6 Z LM+ Bmey +myye B ==l ok (46)
Using the approximation (4.5), define an approximate GE caplet price (fjglt(LT, K)
by
Cpl(L", K) = 6B E["[|L} - K|] (4.7)

where E% is an approximate T-forward LIBOR rate at time 1" given by

T
- 1 - -
L%: = LtT expl—/ {2||75T||2 + )\?J/ (e"* —1) tT‘F(Z) dz} ds
t R
T S5 T 1)
+/ AEaw! +/ / n-z vl (dsxdz)| (4.8)
t t R
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where 7 (dsxdz) is the marked point process with PT’ -intensity kernel )\T (z) dz.

Remark 5. The approximation mtTé for mzﬂs looks quite rough at a glance. However,
it seems reasonable to suppose that mf{s is fairly close to zero under forecast values
of parameters. Therefore, ertT(S can be regarded as a fairly good approximation for
mST5 from the viewpoint of deriving an approximate price of Cpl, (LT, K).

4.2. The Approximate GE Pricing Formula for Caplet. The following propo-
sition is obtained.

Proposition 2. Let T € (0, T —6]. Under Assumptions 1-3, the approzimate GE
caplet price Cpl,(LT, K) is

> NT° n
ol (L7, K) = 6B7" 3 o3 o0 AT = D)

n!
n=0

T
1 Ly " 4+ 152 1 t n_lQ
X {L{én@(n Kt ont g ") —K@<n on = 30n (4.9)
On On

1/ .16 . ~
o = (1 — em i "“’f>> T =)+ 3y, +mio?)n

i=1

where

(4.10)
A \|2ds+2n
In particular, if d =1, then (4.10) is rewritten as
o -
Cn = (1 — 3R ‘f’f)) MT = 1)+ (3 +od)n
(4.11)

T
- / T2 ds + o3 .
t

Remark 6. As shown in (4.6), the term ﬁ;"f depends on the market price of jump
risk. Therefore, the GE caplet price depends on the market price of jump risk while
it does not depend on the market price of diffusive risk.

Proof. Let Y =1n % It follows from (4.5) and (4.8) that

T ’ ~
Y = —%/ 72 11 ds + (1 —e73 Efﬂi(?ﬁff‘"f"?)) N(T —t)
t
T S5 T 5
+/ AEawl +/ / n-zol (ds x dz).
t t JRE

Let n € {0,1,---} and write Ef.[-] = ET'[-| %, Ny = Ny +n]. Let i, = EL,[Y]
and &,, = EtTZ[ (Y — [1n)?]. Tt is straightforward to see that

i 1 _
un:fi/ I 117 ds+<1e 53wl o 2>> (T — ) +Zmun n,



and &, satisfies (4.10). Note that ¢, = ﬁn+%&n. Let Z = % and zg = e
Then one obtains

n

R s o

El LY - K|] = Lng7z[eY1{Y21nLLT}] - KEtT,n[l{YZInLLT}}
s ~ s

=L{E] [Pt 1oy | = KEL (112520} ]

= LtT/ 7= Tin g(2) dz — K P

t,n

(Z > 2)

20

= LTt 3908 (5, — z0) — K O(—z)

T ~ T .
=LTend <lané G+ 50721> _K® <1HLIQ +Cn — %aﬁ)
=L ! : |

Un 0n

5. APPROXIMATE GE PRICING FORMULA FOR SWAPTION

In this section, an approximate GE pricing formula for a swaption in the jump-
diffusion LM model is derived. Here a swaption is a European option on a forward
swap rate. Thus an approximate GE pricing formula for a swaption is derived in the
similar way as done in Sections 3 and 4. First, the GE dynamics of forward swap
rate process under the associated forward martingale measure is derived. Next,
the conditional distribution of forward swap rate under the associated forward
martingale measure is approximated. Finally, an approximate GE pricing formula
for swaption is derived based on the approximate conditional distribution.

Let N € Nand T € (0,77 — N6]. An N-period T-forward swap rate process
LTN is defined by

N
2t By
BN

5 - 1) vt e [0,T7) (5.1)
where BtT’N = Z;V:l BtTJr(j*l)é. The N-period T-forward swap rate process is
called (T, N)-forward swap rate, hereafter. A payer swaption on (T, N)-forward
swap rate LTN with strike rate K > 0 is a contingent claim with fixed payoffs
S|LN — K| at time T + 6,T + 26, ..., T + N§.

In order to derive the GE price of the swaption on (T, N)-forward swap rate
with strike rate K, a forward martingale measure called (T, N)-forward martingale
measure is exploited.

Definition 5. Let B € B. For every N € N and T € (0,7" — N§], a probability
measure denoted by PTV on (Q, F) is a (T, N)-forward martingale measure at B
if and only if PV is equivalent to P, and BT% is a local PT"N_martingale.

Let PS;(LT*", K) denote the GE price of the (T, N)-swaption with strike rate
K at time ¢ in an ASM equilibrium ((¢");e1,p, B) for E in the jump-diffusion LM
Model. The GE price PS; (LT, K) satisfies

PS(LTN K) = BT N EI N |LEN — K| (5.2)

where ET"N is the expectation operator under the (T, N)-forward martingale mea-

S5
sure PT°N,
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5.1. The GE Dynamics of Forward Swap Rate. First, it is easy to show that
the dynamics of BTV satisfies the following SDDE:

dBT,N
Btf:N =N de ol Wk (@) (ol x d2) = A S () dzde} (5.3)
where
PN = P ol A | mPEmN @) (2) dz,
R4
N pT+(-1) N pT+(G-1)5
B i B o

o N =3 U PN () =Y U (),

= B = B

(5.4)

Then the following proposition is obtained in the same way as done in Proposi-
tion 1.

Proposition 3. Let N € N and T € (0,7 — (N + 1)8]. Under Assumptions 1-3,
the GE dynamics of (T, N)-forward swap rate process satisfies for every t € [0,T),

dLT,N .
ﬁ — AN qw N +/W 0N (2) {w(dt x dz) — AN (TN () dzdt ). (5.5)
t_
where
T,N TN s
TN 1+ 6L (TN T TN (2 L+6LY (14 miN(2) o
! sphN L ! SLEN  \ 1+ m!" N (2) ’
t
WtTé’N =wr +/ (BvS + 0P — vgé’N)ds,
0
T° N T° N T° N T°N —(Bma+my)-z
Ap T = A, ¢ ()= LTW(Hmt (z))eFmetme)= £ ()
t
where
1 )
i = / (Lmi N (z)emetmn 2 f(2) de, (5.6)
R

and WtTé and )\;ﬁ ftTa (2)dz are a PT"N_Wiener process and the PTé’N-mtensz‘ty
kernel of v(dt x dz), respectively.

5.2. Approximation of Conditional Distribution of Forward Swap Rate.
It follows from (5.5) that L;’N is solved in the form

T
1 5 s
LI =g exp[ [ e [ e s as
t

T . T
+/ vsT’N'dWsT“’N+/ / lnnsT"N(z)y(dsxdz)].
t t R4

As conducted in the previous section, the conditional distribution of L?NU-}

under PT"V is approximated in order that the approximate conditional distribution
8
is derived in analytic form. Let t < s < T. First, mI N (z) is approximated as

follows:

S N BT5+(j—1)5 s 5 N BT5+(3‘—1)5 s s
T°,N S T j— s ~ T ~T
m{ M) =) S m U ) R Y S (2) =l (2).
= Bs = Bs
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Thus )\zé’N and fI N are approximated to 5\?5 and ftTé, respectively. Here 5\?6
and fI > are given in (4.5). Next, 77"V is approximated in the following:

T,N T+( i—1)6 T2 +(j—1)8
NTN 14+0L," Z ! JT+G-1s _ Bs 5] JT+id
s 5LZ_N BT,N s BZ N s

14600 X pItu-1o

(UT+(j71)5 . v3“+j6)

T.N T.N s
sLPN & Bl
TN N LT+(j—1)8 T+(j71)6
_ 140N KB 5L [THG-18
SLITN < - BTN 1+5LT+(] s s
S— 1=

+(j—1)é

TN N LT+(j—1)8 T.N T
- 1+6L," B, oL, ATHG=1)3 o, Z - Zt TG-S,
j=1

sLTN

BN 14N Ts

j=1
(5.7)
Here the following approximations were used.
BT+(j—1)6 BT5+(j—1)6 s, T+E—1)8 5LTN BT+(J'—1)6 BtT+(j—1)6
s - Ds s— S ~
BTN T TN TG0 T TN BN T pT¥
In the similar way, n7>V is approximated as follows:
Is
DTN (2) = 1+ 5LZ’,N mIN(z) — mTS N(z)
’ oL 1+mP N (z)
T,N N LT94(-1)8
o LHOLs7 1 Bs (mT+G=D3 () — T+39 ()
SLIN 14 mI N (z) BN ’
s— j=1
S (i i—1)5
14607V 1 N gIt+G=ns TG }
- ) D 5 (Lm0 (=) (7" = 1)
SLIN 14mI Nz & BN 14epTrUTD?
s— S j= s S—
14+ sLTN 1 N BgTM(j—l)é sLTN ‘
o L 0% (14 mTHODI () (e — 1)
LN 14wV o BIN 140LlY :
N T4 (j-1)8
1 B! .
= (14 mT T3 (2)) (7% — 1) = ("% — 1).

1+ msTa’N(z) = BSTJ’N
(5.8)

i—1)8 .
TN N  BFfU-DS pii—1)s
Let 75 :Zj:1 ST s ( :
t

Using the approximations (5.7) and (5.8), define an approximate GE swaption
price PS;(LTN  K) by

PS/(L™N, K) = s8] NE] N[ LFN — K| (5.9)

where i;’N is an approximate (T, N)-forward swap rate at time T given by
FT,N T,N (1 ~T,N|2 , \T° nz rd
LN = LN exp| = [ 3SIBTNP 4R [ (et = () aw | ds
t R

T T
+/ WZ’N-dWST(;—i—/ / n-zﬂtTé’N(dsxdz)l (5.10)
t t R4’

) ~ 5 ~
where /ltT N is the Poisson process with the pPT’N -intensity kernel )\tTo L ’ (2)dz.
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5.3. The Approximate GE Pricing Formula for Swaption. Finally, the fol-
lowing proposition is obtained in the same way as done in Proposition 2.

Proposition 4. Let N € N and T € (0, Tt — (N + 1)8]. Under Assumptions 1-8,
the GE approzimate swaption price PS;(LTN | K) is

o0 ~ 5 N
PS(L™N, K) = 6BI"N S oy (T =ty

|
o n!
T,N T,N
Infe— 1 ¢, + 152 Inf— ¢, — 152
x { TN b ot g K=t~ 3% (5.11)
(o) On
where (, and 7,, are given by (4.10) and by
T a’
o=y [ RPN IEds+ Y nzotn (512
t i=1

respectively. In particular, if d' =1, then ¢, and &, are given by (4.11) and by

T
o = V [ N Eas voin (513
t

respectively.

Remark 7. It should be noted that as well as the GE caplet price, the GE swaption
price depends on the market price of jump risk while it does not depend on the
market price of diffusive risk.

6. METHOD OF SPECIFICATION AND ESTIMATION

In this section, a method of specification and estimation for the jump-diffusion
LM model is presented. A method proposed by Kusuda [25] for the extended LM
models is extended to the jump-diffusion LM model.

6.1. Approximation of Conditional Likelihood of Forward LIBOR Rates.
Let N* € N and A = 2. It follows from the GE dynamics (3.6) of T-forward
LIBOR rate that

A . s, 1
mifs =tnrf 4 [ (T @04 = o) - G-
t
S ) t+A
A / (e —1) I (2) dz} ds +/ FE - dw,

R t

t+A
+/ / n-zv(ds x dz). (6.1)

t R/

It is easy to see from (6.1) that the conditional likelihood of forward LIBOR rates
cannot be derived in analytic form. Therefore, the system of SDDEs is discretized
and approximated in order that the approximate conditional likelihood is derived
in analytic form following Kusuda [25]. First, the following approximations are
conducted.

ol ~ 9

T
s s

s - s -
) )‘z %)‘z’ fsT()%fsT()z
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where
KT 5LT ké
o1 — Ek 114507- ké'Y:gT ko VSE[O,T—(S)
) 0 Vs e [T —6,T),
PR pus vy (2T od) 5 (6.2)
d’ s 2
i1 |-t Zi — Psi
oM 5(55) |
where
KT
V 5 _ s

Then the following approximation is obtained for In LtT+ A
t+A
in L ~f [ {0 (808 of = o) = ST
t

1 5d! -1 2 < d t+A t+A
(€72 Xiza e —miod) _1) }T }ds+/ 7?~dWS+/ / n-zv(ds x dz).
t t R
(6.4)
Here suppose that there exists ¢* € N such that ()\A)q*+1 ~ 0. Then the Euler-
Maruyama discretization of the SDDE (6.4) is
s~ + {57 - (80§ +of o)~ nf I

max{1,q¢4+a}

2 s .
(e B Ziament - D) AT }A+7f'(Wt+A—Wt)+1{qt+A¢0} Y. MEag

q=1
(6.5)
where q; is an identically and independently distributed with
. (AA)‘I*
q* Ww.p. A
Ztq RN N(p, X) where
01 0 e 0
0 (o) e 0
X=1. .
: : 0
0 0 e aq

Suppose that the estimation period is [T, Tyt ;] where Ty = 0 and IT, M € N
and that the estimation period [Ty, T;+ /] is divided into the following I subperiods
(To, Tna), [Tar, Tane)s -+« 5 [Tirt—1yar, Triar)- The subperiod (T(i—1ym, Ting) is called
the i-th estimation subperiod for every i € {1,2,--- ,I'}, and the period [T),_1, Trn)
is called the ¢-th unit period. Note that every estlmatlon subperiod consists of M
unit periods.

Suppose that during any unit period [Ty,—1,Ti), K future LIBOR rates with
maturity dates Tr,, Tint1,- -, Im+x are traded. Let ¢, = To +nA, and

qn = qt,,, Zpng = Zt,q-
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It is assumed that the volatility of T,,-forward LIBOR rates is a parametrized
function of the time to maturity during each estimation subperiod, i.e.,

It
Ty .
Y, = Z 1{tn€[T(1171)1\47TiM)}71?7ﬂ (67)
i=1
where 7", is a function of the time (7}, —t,) to maturity for every i € {1,2,---, It}

It is also assumed that the volatilities v and v? are constant during each estimation
subperiod, i.e.,

It 1t

’Ufn = Z 1{t7L€[T(7:_1)M,TiM)}UEi’ Utn Z 1{tnE [T(i—1yas,Tine) } Vpis (6.8)
i=1 i=1

where vz, vy € RY for every i € {1,2,---,IT}. Under the above assumption,

the model can be estimated subperiod by subperiod. Let i € {1,2,---,It} and
consider the estimation for certain i-th estimation subperiod (T(;_1)ar, T} wm]. For
convenience, the suffix 7 is omitted, hereafter.

It is computationally infeasible and unnecessary to compute the likelihood on
all the K traded future rates. Therefore, the subset K’ of K'(< K) future rates
are selected among the K traded future rates for computing the likelihood in each
unit period. Let the index set of future rates be denoted by K’ = {k1, ko, -+ , ki }
where k; € {1,2,--- K} for every I € {1,2,--- ,K'} and k1 < ky < -+ < kg.
Here note that the term o} * in the right-hand side of (6.5) includes all the future
rates with maturity dates between t and T°. Thus some suitable interpolation
is conducted for the future rates that do not belong to K’. Let Ez;f”'__k‘; be such
that iTm_k‘s is some interpolation if the future rate does not belong to K’, and

LT - k6 Lg::nif ko

s otherwise. Let

R .
f}rrzﬂ _ - Zk:tl WV@ th € [O7Tm - 5)
0 Vit € [T — 0,Trm),
UGS Lyodl mrt (2u 4w o) A, (6.9)
K, m+1
5 m, k‘é
‘um—&-l 6 Z L A i + ﬁméi + mpi)a'?a
where
KtTm+1
~m+1 __ 6 ZTm+1—k5 ) B ) 6.10
Mpj = Z tn— nj + Bmej + myp;. (6.10)
k=1

Finally, the number d of common diffusion factors is set. If one sets d = K’ then
the number of parameters of the d-dimensional parametrized volatility function
becomes too many to estimate. However, if one sets d < K’ then the likelihood
on the set K’ of future rates is not defined since the variance-covariance matrix
becomes singular in this case. Therefore, K" (< K') future rates are selected among
the set K’ of future rates, and error terms are introduced into the discretized
equations (6.5) for the set K" of future rates. Then the number of common diffusion
factors is set such that d = #K' — #K". Let K" = {k;,, ki, -, ki, } where
klm, S {k)l,k‘g,”- ,]{iIK} for m € {1,2,-~- ,K”} and k'll < le < e < k‘lK,,.

Let m,, denote t,, € [Ty, ,Tm,+1), and y5* denote In LZ;’” —InLT" . Now the
approximate conditional likelihood is computed based on the following system of
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equations.
max{1,qn }
yn mp+k1 _ ,u,m"+k1A + \/7,ymn+k1 SwW,, + 1{qn7ﬁ0} Z 1 Zng + €1n
q=1
max{1,q,}
vt = i A VAT o Lgk0y Y 1 B e
q=1
max{1,q,}
yi R = e R A AGT w1 oy D 0 Zag +erm
g=1

(6.11)

i

id.
where w,, "~ N (04,14),
~mntk _ ~mntk sMn+1+k
fig TR = At (Bug + o — BT

||~m”+k||2 WLk (= 3 S @ T o) ) (6.19)

ii.d. /
o RN, Vk € K" (6.13)
=0 Vk ¢ K",

and eg,, and €/, are also independent for every k, k' € K”.

Remark 8. The likelihood for the approximate model (6.11) is unbounded as indi-
cated by Honoré [14]. In estimating the jump-diffusion LM model, a modified ML
method proposed in Honoré [14] can be exploited.

6.2. Specification of the Approximate Jump-Diffusion LM Model. In the
approximate jump-diffusion LM Model, the functional form of volatility function
i, the sets K” and K" of future rates are unspecified. It should be noted that the
terms i and 4 in (6.11) can be regarded as constants during every estimation sub-
period. Thus if the data affected by jumps can be eliminated then the approximate
jump-diffusion LM model (6.11) can be regarded as a factor analysis model. This
suggests that methods of factor analysis can be exploited to specify the approxi-
mate jump-diffusion LM model. The specification method based on factor analysis
is summarized as follows:

Step 1: Conduct the factor analysis of the set K of future rates using the
ML method.

Step 2: If there are outliers in the common factors’ estimates then elimi-
nate the corresponding data assuming that they were caused by jumps and
repeat Step 1, otherwise proceed to Step 3.

Step 3: Decide the number K’ of common factors based on a certain informa-
tion criterion, and select the set K’ using certain variables selection method
such as a method of Tanaka and Kodake [30] or of Yanai [31].

Step 4: Conduct the factor analysis of the set K’ of future rates using the
ML method.

Step 5: If there are outliers then eliminate the corresponding data assuming
that they were caused by jumps and repeat Step 5, otherwise proceed to
Step 7.

Step 6: Decide the number d = K’ — K" of common factors based on certain
information criterion, and select K” referring to the communality estimates
(for details, see Kusuda [25]).
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Step 7: Specify the functional form of volatility function ¥;"}, based on the
factor loading matrix estimates.

APPENDIX A. MARKED POINT PROCESS AND INTEGRATION THEOREM

A.1. Marked Point Process. A double sequence (s;,, Z,,)nen is considered where
Sp is the occurrence time of nth jump and Z, is a random variable taking its
values on a measurable space (Z, Z) at time s,,. Define a random counting measure
v(dt x dz) by

Ot XA Z]‘{én<tZ6A} V(t,A)ETXZ.
neN

This counting measure v(dt X dz) is called the Z-marked point process.
Let A be such that

(1) For every (w,t) € Q x (0,T7], the set function \;(w, -) is a finite Borel
measure on Z.
(2) For every A € Z, the process A(A) is P-measurable and satisfies A\(A) € L.

If the equation

Tt
Yhs(A) ds
0

Tt
Ysv(ds x A)
0

F VAe Z

holds for any nonnegative P-measurable process Y, then it is said that the marked
point process v(dt x dz) has the P-intensity kernel \;(dz).

A.2. Integration Theorem. Let v(dt x dz) be a Z-marked point process with the
P-intensity kernel \;(dz). Let H be a P ® Z-measurable process. It follows that:

(1) If we have
Tt
B VO ZHS(Z)|)\S(Z)0ZS] < o0,

then the process fo J, Ho(2){ v(ds x dz) — )\ (dz)ds} is a P-martingale.

(2) If H € L()\(dz)), then the process fo Jy Hs(2){v(ds x dz) — As(dz)ds } is
a local P-martingale.

Proof. See p.235 in Brémaud [9]. O

APPENDIX B. ITO’S FORMULA AND GIRSANOV’S THEOREM

B.1. Ito’s Formula. Let X = (X!, ..., X")' be a n-dimensional semimartingales,
and g be a real-valued C2-function on R™. Then g(X) is a semimartingale of the
form

(Xt —gXo —|—Z/ oz, g dXZ+ ZZ/ 5 a;[; )d<Xic’ch>

=1 j=1

+ > {g(X +Za 9(X AXz}

0<s<t

where X is the continuous part of X and (X, X7¢) is the quadratic covariation
of X and X7¢.
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B.2. Girsanov’s Theorem.
(1) Let v € H?zl £2 and m € LY(\(dz) x dt). Define a real-valued process A
by
dAy

= v aw, - /Z my(2) {(dt x dz) — N (d=)dt} vt e (0,71

with Ay = 1. If E[Ap+] = 1, then there exists a probability measure P on
(Q2, F,F) given by the Radon-Nikodym derivative
dP = Ay dP

such that: R
(a) The measure P is equivalent to P.
(b) The process given by

t
W:WtJr/vsds VteT
0

is a P-Wiener process. R )
(¢) The marked point process v(dt x dz) has the P-intensity kernel A\;(dz)
such that

Ae(dz) = (1 —mye(2))Ae(d2) Y(t,z) € T x Z. (B.1)

(2) Every probability measure equivalent to P has the structure above.

APPENDIX C. DEFINITIONS IN APPROXIMATELY COMPLETE BOND MARKETS

C.1. Feasible, Self-Financing, and Admissible Portfolios. Let X denote a
real-valued P-measurable process. The discounted process of X is defined by XB =
%. Let B denote the discounted bond price family (1,(B7B)per). Notions of
feasible, self-financing, and admissible portfolios in approximately complete bond
markets are defined as follows.

Definition 6. Let B € B.
(1) A portfolio ¥ is a feasible portfolio at B if and only if it follows that:

Tt
/ |BI|[9;(dT)| <00 P-as. VteT,
t

Tt Tt
BirP9, [ IBEr[ 194 (dT)| € £, |B{ v{ |9} (dT)| € L2,
t t

/T|BtTmtT(z)| [9;(dT)| € LY (N\e(dz) x dt).

Let ©(B) denote the space of feasible portfolios at B.
(2) A feasible portfolio ¥ € ©(B) at B is a self-financing portfolio at B if and
only if its value process satisfies

t t pTf
Vi(9) = Vo(9) + / 90 dB; + / 9(dT)dBY  vteT.
0 0 s

(3) A feasible portfolio ¥ € ©@(B) at B is an admissible portfolio at B if and
only if VB(»9) % @ is bounded below P-a.s.
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C.2. Arbitrage-Free Markets and Spot Martingale Measures. Definitions
of arbitrage portfolio, arbitrage-free, and spot martingale measure are given in the
following.

Definition 7. Let B € B.

(1) A self-financing portfolio 9 € ©(B) at B is an arbitrage portfolio at B if
and only if there exist 0 < ¢ < T' < T such that 9, = 0 for every s € [0,1)
and either of the following:

(a) Vi(¥) < 0 P-as., and Vp(9) > 0, i.e. Vp(¥) > 0 P-as. and
P{Vr(¥)>0}) > 0.
(b) Vx(¥) <0, and Vr(¥) > 0 P-a.s.

(2) Markets are arbitrage-free at B if and only if there exists no arbitrage
portfolio in the space of admissible portfolios.

(3) A probability measure PB on (Q, F) is a spot martingale measure at B if
and only if PB is equivalent to P, and B is a local PB-martingale.

C.3. Approximately Complete Markets. Definitions of contingent claim, repli-
cable claim, and approximately complete are given as follows.

Definition 8. Let B € B.

1]

[2

3

[4

6

(7

[9

(10]
(11]
(12]

(13]

(1) Forevery T € (0,T1], a contingent T-claim at B is a Fp-measurable random
variable X7 such that g—; € LY (Q, Fr) where L>°(Q, Fr) is the space of
almost surely bounded Fr-measurable random variables.

(2) A contingent T-claim Xy is replicable at B if and only if there exists an
admissible self-financing portfolio ¥ € @(B) such that its value process
satisfies Vp(9) = Xrp.

(3) Markets are approzimately complete at B if and only if for any T € (0, T"]
and any T-contingent claim X there exists a sequence of replicable claims
(X7n)nen converging to Xr in L2(Q, Fr, PB).
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